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Unit 2
1D Elements




Linear and non Linear statics analysis

Linear Static Analysis

Software follows this path for
linear static calculation

| Actual stress-strain curve

Stress |

Strain
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Geometrical

Y
Large
Deformation

metals

Non Linear analysis

Non-linearity

¥

Material

‘Non metals

Y

Contact

(Progressive) deformation of
matenal at constant stress
- LONG Time process
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Material based non linearity:

Within E (non-metal) Beyond E (metals)

WANear - - ‘\‘C'n“’..fn<'3.

r:\/—\

Stress ‘

Strain S“trélri




Type of Element

Elements
‘r - |
| ; '
R = Other
S 853
& _i_é == %@
| <
X>>>Y,Z X,Z>>> ¥ X~y~2
One of the dimension is Two of the dimensions are  All dimensions are Mass - Pt. element,
very large in comparisonto  very large in comparison comparable concentrated mass at C.G.
rest of the two to third one of the component
Element shape - tetra,
Element shape - line. Element shape - quad, trla  penta, hex, pyramid Spring - translational &
rotational stiffness
Additional data from user-  Additional data from user  Additional data from user
remaining two dimensions - remaining dimensionie. - none Damper - damping
i.e.area of ¢/s thickness coefficient
Element type - solid

Element type - rod, bar, Element type — thin sheil, Gap - Gap distance,
beam, pipe, axi-symmetric  plate, membrane, plane Practical applications stiffness, friction
shell etc stress, plane strain, , axi- - Transmission casing,

symmetric solid etc. engine block, crankshaft  Rigid - RBE2, RBE3
Practical applications ete,
- Long shafts, beams, pin  Practical applications Weld
joint, connection elements - Sheet metal parts,
etc plastic components like

instrument panel etc.
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Stiffness matrix for Bar Problem
1)Direct Approach

The deformation of the spring is then represented by

5= (L) - i(0) = doy — dh.

T = ko

We now derive the spring element stiffness matrix. By the sign convention for nodal
forces and equilibrium, we have

fu==T fo,=T (2.2.14)
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T = —Jfﬂ] .= k(f?-,r — &1 1_:] Forces at nodal point
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Rayleigh —Ritz (Variation) Method

(a) (b) l (c)

~ N I S
W

Figure 1 The notion of equilibrium deformed state of a pinned-pinned beam

e TN .

Stable Unstable Neutrally stable

Figure 2 Three equilibrium states of a rolling ball
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PE = SE +WP

SE = | (strain energy density) dV
gV
¥

The strain energy density 1s given by

1
Strain energy density = 5 (stress)(strain)

WP= F*u
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For conservative structural systems, of all the kinematically admissible
deformations, those corresponding to the equilibrium state extremize (i.e.,
minimize or maximize) the total potential energy. If the extremum is a

minimum, the equilibrium state is stable.
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Stiffness matrix of Beam element
1)Direct Approach

 Abeamisalong, slender structural member generally subjected to transverse
loading that produces significant bending effects

Hence, the degrees of freedom considered per node are a transverse displacement
and a rotation

WIX)

ot ]

wi(x)

M
L — | 2 | M +dM
L L
dx
L Au i b | ] vV vV + W
— %
i P d f

* The beam is of length L with

» axial local coordinate x and transverse local coordinate y.

* The local transverse nodal displacements are given by d, and the rotations by ¢

* Thelocal nodal forces are given by fiy’s and the bending moments by mi’s as shown.
* Visshearforce

initially neglect all axial effects
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Using Euler-Bernouli Beam Theory

wi %)

dv ,
W= = L _dM (%)
ax dx

U is the transverse displacement function in the y direction

. (a) Portion of deflected curve of beam
é=di/d%

d*
=0

El =
dx*
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Selection of displacement Function

Assume the transverse displacement variation through the element length to be

lj{ﬂ = ﬂ']_{j + ﬂ;i‘z + azx + ay (

P

Using the boundary conditions

(a) Portion of deflected curve of beam

ﬂ{ﬂ)=dh =y
di(0) -
{fﬁj}:'ﬁl = a3

E{ZL:} = {'}lr = {IILEI + ﬂ':Lz -+ agL -+ dy

do( L - ,
L{:ﬁ ) = = 3H1L_ -+ ZHEL -+ 3
dx
. 2 - ~ | P Displacement function in terms of d
)= |53 ﬁr O d'-"r —— 3 " . p !
v [L3 ( 1 2] ) + Ll (¢I + ‘;ﬁ_]] X and {“ﬁ

o

3 N (PPN U
+ [__{dlj' - dlri'] - E{:2¢1 + ¢E}:| X~ + I?E'II + dl,"'
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To, derive the element stiffness matrix and equations using a direct equilibrium approach. Now
relate the nodal and beam theory sign conventions for shear forces and bending moments.

jo=v=rrl 50) _ EI[IZa'h + 6L, — 124y, + 6L4,)

! e

) . d*6(0) _
tiy = =i = —E1— L* (ﬁLd.L + 412§, — 6Lds, + 2L2,)

\ . d3(L)  EI . . .
iom L) _EL 12d, — 6L, + 12ds, — 6Lh,)

! dx? L’ :

d*(L) EI - - . -
ity = it = EI ,;;( ) 75 (6Ldy, + 2L, — 6Lds, +4L°4)
In matrix form,
~ ™ — - o~ ™
11, 12 6L —-12 6L dy,

in | _EL| 6L 4L —6L  2L%|) 4 |
i L | -12 —6L 12 —6L |) d,

115 6L 2L —6L 41° qﬁ“
4 A 1 )
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A concentrated load P = 50 kN is applied at the center of a fixed beam of length
3m, depth 200 mm and width 120 mm. Calculate the deflection and slope at the
mid point. Assume E = 2 x 10° N/mm’.

I 2

1500 —¢— 1500 —»E

1 2
1
2 3
s W2 W3
o1 2 ®3

The finite element model consists of 2 beam elements, as shown here, with
nodes 1 and 3 at the two fixed supports and node 2 at the location where load P
is applied.

1 2 3
| 2

Stiffness matrices of elements 1 and 2 (connected by nodes 1 and 2 ; 2 and 3
respectively, each with L = 1500 mm) are given by,
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12 6L -—-12
El,| 6L 4L -6L
Kl= 3|12 —6L 12
oL 217 -6L
W1

i
120%200°)| 12

E::-:Iﬂ'f'x-(-

K1= l!— _ IﬁL
L [—12
6L
w12

i
105 120x200°) 12
K2= .:"':l o - 12 ﬁL
L [—12
6L

(OF]

6L
412

—6L
217
D2

6L
412
—6L
217

W2

-12
—6L

12
— 6L

w3

-12
—6L

12
—6L
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6L
212

W1

w2

O2

w2

D2

w3
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Wl d1 w2 D2

[12 6L 12 61.
120x200° | 6L 4L°  —6L 217

2x10°x =0 | 13 _6L 12412 —6L+6L

S 1500° 6L 21} -6L+6L 4L +4L2

0 0 ~12 —6L
0 0 6L 212
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w3 O3
0 0 |
0 0 |
-12 6L |
6L 217
12 —16L
~6L 417

w1
D1
w2

OP)

w3
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w1 d1 w2 D2

[12 6L  -12 6L

120x200° | 6L 4L°  —6L 217
2x10°x =20 g 6L 12412 —6L+6L
~1500° 6L 21} -6L+6L 4L +4L2

0 0 ~12 —6L
0 0 6L 212
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w3 O3
0 0 |
0 0 |
12 6L |
~6L 217 ||
12 —16L]]
~6L 417 ||

w1
Ok}
w2

OP)

w3
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Boundary conditions at fixed support w1 =w3=®1=03 =0
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w1 D1 w2 d2 3 D3
126 =12 6L 0 wi—{w;
= = 2 ~p 2 0 M-

5105 x 120%200° = . o—p S8
XX ET 712 —6L 12412 —6L+6L 12 6L || w2 |w,|

1500° 6L 217 -6L+6L 4L*+417 -—6L 2L7 o2 |8,

~12 — 6L 12 —16L || wy |w,
6L 217 L o3 L8]
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s (120x200%)
p, | 10 x5 12412 —o6L+6L][v,
M, | 1500° ~6L+6L 4L +4L?|](0,),
The applied loads are P,=-— 50000 N and M, =0
—50000x1500°

3
2%10° x ('2“’:22““ ):-: 24]

=~0.4395 mm

Therefore, v, ={

and (6= 0

-PL’ or P(2L)
24El  192El
=-0.4395 mm

and the deflection being symmetric, slope at the center (6.), = 0.

Check : From strength of materials approach, v, =

Mr. S. D. Patil, Automobile Department, Government College of Engineering and Research Avasari

|

21



Stiffness matrix of Truss element
AV

vC

v

Figure shows the two dimensional plane truss. Such trusses are analysed by method of join. In FEA trusses are

assumed 1D bar element
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Unit Displacement



A Vv.v

”fl : f:h'

L

Local stiffness matrix of bar element =

( fl\ ) ( 3
fl_].' T U1
A P
\ -fz}' J \ U2

or, in simplified matrix form, Eq. (3.4.3) becomes

U} = [ki{d}

6.5 =" Local coordinate system

___— Global coordinate system

fixl _AE[ 1 x1
Al x1 1
{f'} =K{d'}
We now want to relate the global element nodal forces {f} to the global nodal dis-
placements {d} for a bar element arbitrarily oriented with respect to the global axes

as shown in Figure 3—11. This relationship will yield the global stiffness matrix [k] of
the element. That is, we want to find a matrix [k] such that

(4]

A

.~. (3.4.3)

(3.4.4)
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Using the relationship between local and global coordinate system

uy = uy cos O + vy sinf
Uy =tz cos 0 + vy sin @

In matrix form, Egs. (3.4.5) can be written as

rul\
llll - C S 0 9 ) U :
wy f 10 0 C S| wm
¢ 22 )
The global displacement vector is
{d'} =T |{d}
_ _ T1=[C S 0 0
Transformation matrix= =lo 0 C S
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Similarly, because forces transform in the same manner as displacements, we replace
local and global displacements in Eq. (3.4.6) with local and global forces and obtain

(fix )

/il _[€ 8 0 0 f.;.>
h=1o o ¢ shn

fay )

.

{f}=11 {1}

By putting global displacement matrix in equation 1

{/"} =T {d}

By putting global force matrix in above equation

[T {f} = KT {d}
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{f} = 11" K][T){d}

_ _ (C? CS xC-°
Stiffness matrix AE | 2 S
of truss k] = — S
element L | C-

 Symmetry
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lroblem:

The twobar truss shownin figure has circular cross sections with a diameter of
0.25 cmand Young’s modulus E =30 x 10° N/en. An external force F =50 N is applied

each element.

Solution:

in the horizontal direction at node 2. Calculate the displacement of each node and stress in | Element 1

@ —> 50N

8 cm
Element 2
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Y=

% 12 cm
V- by lfz?
V _—
v fox o .
/ 4)2=_900 . ) (;bz
¢, =tan"'(8/12) =33.7° E=30x 10°N/cm _£
2 A =z =0.049 cm? -
E =30 x 10° N/cm? e
A= r* = 0.049 cm? L=8cm
L=144cm
©)
by
X 1l
- f3_\' s
Element 1 Sore a3
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To find the stiffness matrix of each element

(0} ) o)

Where [k] is,

AE

» = 102,150

(2 CS
53_'

| Symmetry

0.692 0462
0.462  0.308
-0.692 -0.462
-0.462 -0.308

x (2
x S

CE

-0.692
-0.462
(0.692
0.462

x CS |
xS?

CS
S.?_'

-0.462 |

-0.308
0.462

0.308 |
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For element 2

(7| 0 0 0 07 (ur)
{_r;'f‘ [ _isaras|® 1 O]
_ﬂ:.:: 00 00 I
s [0 10 1)

Global stiffness matrix,

ol | |

(Fi.| | 70687 47193 70687 -47193| 0 Uy
Fiy 47193 31462 47193 -31462| 0 V)
Fp. | |-70687 -47193 (70687 47193 | © i
Fy |~ | 47193 -31462 [47193 215587 | 0 -184125(]v, |
Fi, 0 0 0 0 0 0 ||u
Fy, 0 0 0 -184125 0 184125 ||,
- ’\ Element2 |
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-

k Fl.t )

,' ..\ X

kF‘\’J

70687
47193

0
0

47193
31462

~70687 -47193
-47193 -31462

0
0

By using elimination approach,

30
& ™
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0
0
0
0
0
0

~70687 -47193
-47193 -31462
70687 47193
47193 215587
0 0
0 -184125
70687 47193

47193 215587

|

)
¥2

0
0
0
- 184125
0
184125

Nodes 1 and 3 are fixed; therefore, the displacement components of these two nodes
are zero (uy, vy and ug, v3).

The only applied external forces are at node 2: F,, =50 N, and F,,=0N.

e () )
0
">
V2

0

-

W



For force calculation,

g nane

[ fie ] 1 0 =-107¢( 0 Y [ -602)
fis EAL O O O 0O 0 0
1 . = 4 _4 = { s IN
fa Li-101 0 5.80% 10 60.2
| foy ) 0 0 0 0](-611x10") | 0 |
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roblem:

The plane truss shown in figure consists of three members connected to each other
and to the walls by pin joints. The members make equal angles with each other, and
element 2 is vertical. The members are identical to each other with the following
properties: Young's modulus E = 206 x 107 Pa, crosssectional area A=1x 107 n¥, and
length L = 1 m. An inclined force F = 20,000 N is applied at node 1. Solve for the
displacements at Node 1 and stresses in the three elements.

olution:

Element AE/L LN1(i) LN2(j) ¢ [=cos¢m=sing

1 206x10° 1 3 -a/6 0866 0.5
2 206x10° 1 | 2 2 0 1
3 206 x10° 1 4 -5x/6 0866 —0.5
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/-

45°

Elem |

%
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To find the stiffness matrix of each element

(0} ) o)

Where [k] is,

[ C? CS xC? xCS

K =£ ST xCS xS8?
L C? CS

| Symmetry S?

0.750 -0.433 -0.750 0.433]
-0.433 0.250 0433 -0.250
-0.750 0433 0.750 -0.433

For element 1 [k""] =206 x 10°

0.433 -0.250 -0433 0.250
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Iy

V3
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00 0]w
1 0 =1]w
00 0w
=10 1]w

()

For element 2 0
|.1.I "i

[k ] =206 x 10°

()

0

0.750 0.433 -0.750 -0.4337 u,
0.433  0.250 -0.433 -0.250 | v,
~0.750 -0.433  0.750 0433 | uy
| -0.433 -0.250 0433 0.250 | vy

For element 3 [ku-.] =206 x 10°

1.5 00 0 <0750 0433 -0.750 -0.4337 ( u,

1.5 0 -1 0433 -0.250 -0.433 -0.250 v

0 0 0 0 0 O | w

—_ 5065108 1 0 0 0 0 . ¥
0.750 -0.433 0 O] | us

Symmetric 0.250 0 0 Vi

0.750 0433 | | uq

! 0.250 \ vy
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Fo =20000-cos(x/4)= 14,142
Fi,=20000-5m(x/4)= 14,142

r=wm=sli=wvi=ig=vy=I.

06x107| Cp=

iy =0.458mm,
v =0.458 mm.

P =206 10°(0.866(u—1; ) -0.5(v=v,)) = =3,450 N.

P3) = 12,900 N. |
a3 = 129 MPa.
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a'?! = =94.4 MPa,



Assignment 2

Problem No. 1: Analysis the following system and compare answers with FEA software

For the three bar truss shown in figure below, determine the displacements of
node ‘A’ and the stress in element 3.

fe—— 450 —fe——450 —>fe—350—
A
Y

I8 KN

A=250mm’; E=200GPa
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Problem No. 2: Analysis the following system. Compare answers with FEA software.

In FEA analysis following problem by taking 1D element and by 3Dmodelling the system

An axial load P=200x10" N is applied on a bar as shown. Using the penalty
approach for handling boundary conditions, determine nodal displacements,
stress in each material and reaction forces.

—> P 2 I | A, = 2400 mm ; E, =70 x 10’ N/m’

2 - A, - 600 mm2; E, - 200 = IE'.I'4 T"'-'."rrl?

CARARAANY,
EURRERAARRAY

[ 200 —— 300 —m— 200 —»
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Problem No. 3: Analysis the following system. Compare answers with FEA software.

In FEA analysis following problem by taking 1D element and by 3Dmodelling the system

Determine the nodal displacements and element stresses by finite element
formulation for the following figure. Use P=300 k N; A,=0.5 m*: A=1 m*:
E=200 (GPa

-
M,
= 3
300 kN = A;=05m
= 2
}: ..... A, - P S — SRS . WA E A,=1m
1 =~ E=200GPa
F ~
[,
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Thank You
For Your Attention
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